Most widely used integrated hydrologic models still describe the flow interaction between streams and aquifers using primitive early concepts. In the previous article the shortcomings of the methodology were shown in great details. In this second part means are presented by which improvements can be introduced into the procedures. Accuracy and numerical efficiency will be improved. The article describes in details the proposed alternatives for both the saturated and the unsaturated connections. In the article reference is made specifically to the code MODFLOW. Most of the other integrated hydrologic models used for large-scale regional studies apply essentially the same methodology to estimate seepage.
INTRODUCTION
Large-scale hydrologic models such as MODFLOW [1] try to be as physically based as possible. Out of necessity these mathematical models must greatly simplify a complex reality and as a result they become highly conceptual. However a proper conceptualization process should be done without violating basic physical processes. Part 1 has shown that, in
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MODFLOW's conceptualization for the estimation of seepage, some well-known physical principles were ignored. In this article, Part 2, a methodology is introduced to improve the estimation of seepage under conditions of saturated or unsaturated hydraulic connection. Naturally still some simplifications were necessary, and unavoidable, but at least in the author's opinion, no basic physical laws were violated. It is clear in Fig. 1 that the average head in the aquifer cell is less than the river head, which in this case is 104 m. The boundary condition at both ends of the region was a uniform head of 103 m. As the flow approaches the right and left sides of the system it tends to become horizontal. The question is: how to combine such analytical solution with an overall numerical code such as e.g. MODFLOW? In the large-scale regional studies the water-table aquifer is treated as a single calculation layer, which means that the model is using the Dupuit-Forchheimer assumption that in the aquifer the head distribution in the vertical direction is hydrostatic. In other words the flow in that water-table aquifer is considered horizontal. Yet it is clear from Fig.  1 that the flow pattern in the vicinity of the river is not horizontal.
PROPOSED COMBINED ANALYTICAL-NUMERICAL ESTIMATION OF SEEPAGE UNDER A SATURATED CONNECTION
The proposed solution is to treat the flow for what it is locally that is 2-dimensional in the vertical plane and reattach it at some distance away from the river bank to a 2-dimensional numerical solution in the horizontal plane. To achieve that result one distinguishes the aquifer cell that contains the river, the "river cell", from an adjacent neighboring cell as shown in Fig. 2 . (There may or may not exist a clogging layer). The lateral grid size, G, is chosen, at a minimum, such that by the time the seepage flow from the river has reached the center of the right (or left) half of the river cell it has become horizontal. That way the Dupuit-Forchheimer assumption to calculate the flow between the river cell and the adjacent cell is legitimate. The analytical solution for the flow [2, 3, 4] as shown in Fig. 1 , has demonstrated that horizontal flow will hold conservatively, in case of isotropy, at a minimum distance from the bank of the river equal to twice the aquifer thickness, D aq .
(This distance of twice the aquifer thickness is quite excessive as a look at Fig. 1 shows quite clearly. In practice one can use shorter grid sizes than the one conservatively needed to determine the minimum grid size). The seepage discharge from the river on one side, Q S onesided (say the left side) is given by the relation:
where K H is the aquifer hydraulic horizontal conductivity, L R is the river reach length, h S is the head in the river and h f is the average head in the aquifer river cell (i.e. the cell that contains the river (2) of the degree of penetration,
where H is the river stage, of the degree of anisotropy,
of the excess distance from the minimum standard far distance,
which means that the minimum grid size must be
and of the presence of a real clogging layer defined by its leakance coefficient,
The symbol for  when all the effects of anisotropy, excess distance over the minimum standard far distance and presence of a real clogging layer are explicitly accounted is  anisrcl if necessary, though otherwise for brevity still labeled as . The total seepage discharge is thus:
On the other hand the MODFLOW equation is:
If there is a tight streambed (clogging layer) MODFLOW proposes for the leakance coefficient the expression:
However MODFLOW does not provide a procedure to estimate these clogging layer parameters except possibly through calibration.
If there is no tight streambed within some limited conditions MODFLOW proposes:
Identification of Eq. (8) and (9) shows that as long as there is saturated connection, whether there is a tight streambed or not, the choice for MOFLOW should be:
References [3, 4] have provided all the information necessary to calculate in terms of the local conditions and the values of the parameters defining the system. It requires only a few algebraic calculations [5, 4] .
When using the leakance coefficient of Eq. (10) in the MODFLOW Eq. (9) for seepage discharge the river cell head used is h ijk , that is the finite difference average value of head in the full river cell, which is precisely the average value of head in the half river cell and a very close approximation for the head at the center of the half river cell, which is the head needed for the validity of Eq. (9).
PROPOSED COMBINED ANALYTICAL-NUMERICAL ESTIMATION OF SEEPAGE UNDER AN UNSATURATED CONNECTION
This is a more complicated situation. The complete physical system consists of a river, a clogging layer (riverbed), an unsaturated zone below, a capillary fringe, a water table mound, a river cell and an adjacent cell (Figs. 3 and 4) .
The Simplified Description of the Unsaturated Zone
The goal is to describe approximately, simply but with sufficient accuracy, the transient flow exchange between surface water (river, canal or pond) and the underlying aquifer under an unsaturated connection. The riverbed acts as a clogging layer. In the aquifer just below the clogging layer, the flow may be saturated or unsaturated. The word interface refers to the boundary between the bottom of the clogging layer and the top of the underlying aquifer, while we use the term capillary zone for the combination of both the unsaturated zone and the capillary fringe.
The approach is to simplify the analysis of the unsaturated situation by approximating the shape of the water content profile in the unsaturated zone.
The selected profile for the water content is the one that would convey the current seepage steadily and uniformly through the unsaturated zone.
In this document the unsaturated relative conductivity and the capillary pressure functions are characterized by the Brooks-Corey formulation as described in Appendix 1.
For illustration, the parameter M=2.5 (power in the capillary pressure curve expressed as a function of normalized water content ) and p=5 (power in the relative permeability curve expressed as a function of normalized water content) are chosen. In this case the normalized capillary pressure head profile (details in Appendix 2) is:
where z * =z/z f is the normalized coordinate, z is the vertical coordinate with origin at the interface oriented positive downward, and z f denotes the position (depth) of the bottom of the unsaturated zone from the bottom of the clogging layer.
At the interface between the clogging layer and the aquifer on the aquifer side there is a water content, θ I , distinct from the average one within the unsaturated zone, θ. 
One can see from Eq. (13) 
In other words, D is the sum of the streambed thickness, e crl , the unsaturated zone thickness, the capillary fringe thickness, h ce , and the water table height. Several different initial conditions are defined.
(Some are applicable for the case of saturated connection). It could be (1) incipient desaturation or hydrostatic condition or (3) general saturated condition. These conditions are described in Appendix 3.
Estimation of Recharge Rate to the Water Table under Unsaturated Connection
In that case cI
Dynamic estimation of the water velocity from the bottom of the streambed to the top of the capillary fringe will provide the average flow rate in the unsaturated zone. The expression for that average (in space) dynamic water velocity is):
This is an instantaneous value of a space average over the unsaturated zone. Note that the first term on the right hand side of Eq. (17) expresses the capillary resistance to flow on the part of the water table. That capillary resistance being a potential is known exactly. It only depends on the end boundary conditions and is independent of the actual profile shape. On the other hand the second term that represents the always down force of gravity is approximate because it depends upon the choice of the water content profile.
For simplicity in writing let: 
From a mass balance point of view the recharge rate to the top of the capillary fringe is the sum of the seepage rate through the clogging layer and of the amount of drainage from the unsaturated zone, symbolically:
(Even though the numerical value of Δt is 1 (day), as a check on proper dimensionality of the derived expressions it is better to keep it explicitly. The superscript "mass" is not generally shown when mass estimate is meant). The superscript "o" refers to old values, at the beginning of a period (time step). The superscript "  " (or no superscript) refers to new values, at the end of the period.
The space average instantaneous water flow rate in the unsaturated zone is:
from which one deduces:
The two Eqs. (20) and (22) for the recharge rate must give the same result. By equating the two expressions one obtains an expression for the depth of the unsaturated zone as a function of the capillary pressure at the interface:
Multiplying by z f and dividing by 2K V one obtains:
and c  C ap R es (24c) the solution is:
Note that, since this value of z f is obtained by requiring that the recharge rate v rech be the same whether evaluated by mass balance or dynamically, in the later sections the stipulation that v rech is the mass balance or the dynamic estimate is superfluous since they have the same value.
Evolution of (Water Table) Mound below the River Bed
Because the driving force behind the transient evolution of the unsaturated seepage is the head in the river cell (the aquifer cell that contains the river reach cross-section), we look at how the aquifer zones react to that head and to the head in the river. Because of the complex interaction between these different zones (river, mound, river cell away from river banks, adjacent cells) to keep derivations (and illustrations) simple we simply look at how the mound reacts to the head in the half aquifer river cell not under the clogging layer (see Fig. 3 ), hf. (This is a reduced half river cell as it excludes the water-table mound below the river bottom). Naturally in practice the river head is affected by the river flow and its interaction with the aquifer below. Similarly the head in the river cell is affected by the heads in adjacent cells, conditioned by what happens in the full river-aquifer system, as a result of pumping, artificial recharge, etc. These heads are not realistic boundary conditions. Here we want to focus on the procedures to estimate seepage and therefore eliminate all complexities resulting from a full system that would obscure the manner in which seepage is estimated.
The water table mound is excited by the recharge rate from the river and the lateral outflow to (or inflow from) the part of the river cell, which is not below the river. Mass balance for the position of the mound is:
In this expression f erf is the specific yield (effective porosity) in the mound region.
The position of the center of the part of the half river cell on the right (or left) away from the river bank, which is G/4 -B/2, must exceed the standard far distance [4] . This requirement is necessary to guarantee: (1) the applicability of the SAFE  as the proper dimensionless conductance and (2) that the flow between the river cell and the adjacent cell will be horizontal, i.e. meets the DupuitForhheimer criterion. This puts a limit on the minimum lateral size of the river cell. Let  be that excess distance. Also the SAFE dimensionless conductance appearing in Eq. (26) must be
accounting for the fact that there is no longer river penetration, but the possibility of anisotropy in the aquifer and for an excess distance over the standard far distance. Eq. (26a) slightly rewritten is:
one obtains:
or more simply defining the excitation as:
with structure of a Linear Reservoir hydrologic routing model with constant "time constant" with a linear variation of the excitation with time.
The expression (see Appendix 4) applied for z rf (n) (where n is the period (usually day) number for time) is:
with
Procedural Steps
The external excitations to the system are the stage (maximum water depth) in the river, H, and the head in the part of the half river cell away from the banks, h f . The first step is to estimate (guess) the value of the interface capillary pressure, h cI , and thus determine θ I , θ and i S as well. Then one estimates a value for z f by requiring that the recharge rates estimated by mass balance and dynamically be the same, using Eq. (25). That defines a value of z f . Next the value of z rf is obtained by mass balance and dynamically.
One estimates the value of z rf by mass balance: 
NUMERICAL EXAMPLE
The purpose of that example is to show the difference in results using the strict MODFLOW approach and the one proposed in this article.
The results provide an idea of how large the differences can be, though of course the magnitude of the differences will depend strongly on the values of the parameters. The example also illustrates the fact that the differences not only depend on the parameters but also exist due to the structural differences in the conceptualization of the processes.
Parameters of the system are provided in Table 1 .
The minimum grid size must be 8D aq  4B. 6 displays the evolution of the head in the river, the mound and the river cell. To facilitate the interpretation of the results the river stage is maintained constant at a value of 0.1 m. Thus affecting the evolution of seepage and recharge is the variation of the head in the river cell. It varies in such a way that at times the hydraulic connection between the river and the aquifer is saturated and at other times it is unsaturated. As long as the connection is saturated the head in the river cell and in the mound below the river bottom are the same.
At first the river is gaining from the aquifer as the head in the aquifer exceeds the river stage. The seepage is algebraically negative in that case as Fig. 7 shows. At time 20 the head which had been declining starts to rise. Initial head in the aquifer river cell m 20.7
Fig. 6. Heads in the river, the mound and the aquifer cell
It rises so much that by time 35 resaturation is taking place and by time 38 the river is gaining from the aquifer. Then it declines again and by time 49 desaturation occurs and it remains the condition till the end of the simulation.
In the case of MODFLOW there is no distinction between seepage and recharge. It is assumed that the seepage rate instantly recharges the aquifer cell below the river bottom as shown in Fig. 7 . Also the Figure shows quite clearly that the differences are not the results of different values of the parameters but due to structural differences in the compared approaches.
Under MODFLOW the seepage remains constant for long period of times while in reality it changes very significantly. (Appendix 5 summarizes the results and provides a glossary of terms).
DISCUSSION BASED ON THE RESULTS OF THE NUMERICAL EXAMPLE
For this particular set of parameters, given that a very tight clogging layer exists, under a saturated condition the predictions between MODFLOW and the proposed method are very close. In this case MODFLOW's assumption that all the resistance is taking place vertically through the clogging layer (and none to allow for the flow to turn from a vertical to a horizontal direction) is practically correct. However when the connection becomes unsaturated then the difference is major. The assumption that the head drop driving the flow is the head difference between the river and the elevation of the bottom of the riverbed is not valid. The location of the water-table mound below the riverbed does have an impact on the seepage rate. A major problem with these old methods is the basic assumption that the flow is driven by a difference of head between the river and an average head in a river cell whose dimensions are large compared to the width of the river. Clearly the head difference should be with a head in the aquifer that is close to the bottom of the river. Under an unsaturated connection it should be quite clear that the relevant head is not the average head in a huge river cell but the head of the water-table mound present below the riverbed.
If a single leakance coefficient is used under saturated or unsaturated connection as is done here for the estimation by MODFLOW's approach then clearly it cannot be accurate under all circumstances. With the new approach presented here that leakance coefficient is constantly changing based on the physical situation and the prevailing circumstances, as demonstrated in the numerical example.
POTENTIAL QUESTIONS OF THE
PRACTICAL MERIT OF THE PROPOSED APPROACH Fig. 1 shows an analytical solution for saturated seepage in the case of a homogenous saturated flow condition. Such analytical solution is also available in the case of anisotropy [4] . Is this approach possible in a heterogeneous case? Probably not or with great difficulty and only under very specific mathematical assumptions on the type of heterogeneity. However the purpose of these recent investigations that span a decade, e.g. [2, 6] is to improve the accuracy of MODFLOW and similar models for large-scale regional studies where Finite Difference or Element numerical tools are used. In such studies the river cell width is much larger than the width of the river and in that cell the hydraulic conductivity is uniform. In that cell there is perfect homogeneity. Fig. 1 ) and the size of the river cell. What the new approach provides is an ability given the calibrated value of the leakance coefficient to extract from it the leakance coefficient that is actually due to a clogging layer if it does exist. That procedure is discussed in a separate forthcoming article.
Accuracy of approximate analytical unsaturated zone solution: One might legitimately question the accuracy of the proposed analytical solution. However a simple look at Fig. 7 shows that the approach would provide a better estimation of seepage with the ability to separate what is actually seepage from what is actually recharge of the aquifer. Also it is clear that MODFOW's approach with a constant value of the recharge rate is not realistic and must be in significant error. Still without questioning the improvement provided by this new approach one may still wonder how accurate the results may be. A comparison with a fine-grid numerical solution based on unsaturated flow equations (such as Richards eq.) would be valuable from a theoretical point of view. Such comparison should be pursued and it would be best if it was pursued by others than the author as it would be unbiased. It might provide ideas on how to improve the approximate analytical solution.
Testing of approach on a real case: As mentioned in the previous section and for the same reason it would be best done by others than the author. The problem with real systems is that the representation of a real system (itself never perfectly known) by MODFLOW is itself a theoretical concept.
In addition to the misrepresentation of some of the physical principles in the model the knowledge of the parameters obtained primarily by calibration is always uncertain. Thus results of tests on a real case are always themselves subject to great deal of uncertainty. It would be best to create a theoretical but realistic system for which there is no uncertainty in the parameters and where to represent the unsaturated zone a fine-grid numerical solution based on unsaturated flow equations is used to test any new approach.
CONCLUSION
Many previous studies have shown that the early methodology to estimate the flow interaction between a river and a connected aquifer, as described in a number of manuals, was not very physically based. Yet that methodology is still much in used today, particularly in large-scale regional studies. That situation is especially critical when the connection becomes unsaturated and the situation alternates between the two conditions. An alternative approach is presented which has a sound physical basis and allows the situation to alternate between a saturated and unsaturated connection. This is done with recourse to simple analytical procedures and avoids reliance on complex and time-consuming numerical solutions of the twodimensional unsaturated flow equations.
Because in this article the emphasis is on the estimation of seepage and recharge the river stage and the aquifer river cell are treated as the decision variables. That way comparison with MODFLOW is not obscured by the influence of many other factors. In actual studies they are not decision variables but rather state variables depending on routing of flow in the river and the influence of adjacent cells in a large system. Other articles have already suggested more efficient analytical routing procedures and how to treat the river cell head as a state variable depending on the recharge from the river and the influence of the heads in the adjacent cells and more articles will explore these aspects and publish them in greater details in the future.
APPENDICES Appendix 1. Using the Brooks-Corey formulation
Normalized water content is defined as: 
where h ce is the entry pressure. In the BC original notations a parameter l is used and M is simply the inverse of l ) That capillary pressure is positive in the unsaturated zones and in the capillary fringes. h cI denotes the capillary pressure at the interface between the bottom of the clogging layer and the aquifer below. This pressure is continuous across the interface.
Relative permeability, k rw , in the unsaturated zone is defined by a power law as:
In the BC original notations a power e  h l is used which is simply p. Note that the power p is always much greater than M. BC suggested a relation between p and M, p  3 2M . Actually p can be less than 3 so this is a rough approximation. Then
otherwise.
Appendix 2. Steady-state unsaturated seepage water content profile
Darcy's equation:
Expressing k rw as a function of h c :
Substitution in Eq. (1) yields:
Separation of variables yields:
Note that Eq. (4) 
or ultimately:
When h c *  1, one is at the top of the capillary fringe and then:
and dividing Eq. (8) by Eq. (9) one obtains:
which solved for the normalized capillary pressure yields: 
These are possible chosen initial conditions in the river and the aquifer so that simulation starts at incipient desaturation time and continues unsaturated.
Hydrostatic condition:
General saturated condition:
where l is an arbitrary number but greater than the negative of the entry pressure h ce £ l so that no unsaturated zone exists below the riverbed at initial time.
Appendix 4. Constant C Linear Reservoir type equation with a right hand-side excitation varying linearly in time
The excitation varies linearly in time and thus the basic governing equation is:
We look for a solution of the form:
Satisfaction of the equation requires that:
and
Substitution in Eq. (2) yields:
At time zero then:
which yields D.
Substitution in Eq. (7) yields:
Application for end of period n making t  1 and setting r U  e
yields:
Grouping terms:
then Eq. (13) becomes: 
